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GENERICITY OF NONTRIVIAL
H-SUPERRECURRENT H-COCYCLES

KARMA DAJANI

ABSTRACT. We prove that most H-cocycles for a nonsingular ergodic transfor-
mation of type III;, 0 < 4 < 1, are H-superrecurrent. This is done by showing
that the set of nontrivial H-superrecurrent H-cocycles form a dense G set with
respect to the topology of convergence in measure.

. INTRODUCTION

In order to generalize the ergodic theorem to the case when the underlying
transformation is nonsingular, Hurewicz considered what we call H-cocycles.
An H-cocycle is a measurable function f, on Z x X defined for positive in-

tegers n by f,(n,x) =31 LA Tx)d"°T( ). (See below for a more general
definition.) These are generallzatlons of cocycles f* that were considered for
the classical Birkhoff’s ergodic theorem for measure preservmg transformatlons
and are defined for positive n as follows: f“(n, x) =31

In his paper On recurrence, Klaus Schmidt [12] studled the 51mu1taneous
recurrence of a cocycle with the cocycle generated by the function p(x) =
log 44T 0T( x). This we call superrecurrence. He proved that recurrence is equiv-
alent to superrecurrence. In [13] Ullman studied the recurrence of H-cocycles
(which he calls H-recurrence) and in [4] their simultaneous recurrence with
the cocycle of p(x) was investigated (in the case of H-cocycles we call such
a phenomenon H-superrecurrence). Also in [4] a class of H-cocycles called H-
coboundaries were exhibited and were shown to be H-superrecurrent. These
are the trivial H-cocycles as far as H-superrecurrence and H-cohomology are
concerned. (Two H-cocycles are H-cohomologous if their difference is an H-
coboundary.) Two natural questions are: What H-cocycles other than H-
coboundaries are H-superrecurrent? How can we tell whether an H-cocycle
is an H-coboundary or not? This lead us to borrow the notion of essential range
defined for cocycles and extend it to H-cocycles. The essential range E(f,)
of an H-cocycle f, is H-cohomology invariant so that H-coboundaries have
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essential range {0}. This tells us that an H-cocycle whose essential range con-
tains a nonzero member is not an H-coboundary.

A common strategy adopted to show the “bigness” of a set is to use a category
argument. More precisely, the set under consideration forms a dense G;. This
approach serves two purposes: It shows the existense of objects with specified
properties and that the number of such objects is large. We use the same idea
to show that the set of H-superrecurrent H-cocycles with infinity in their essen-
tial range is a G;. For nonsingular transformations of type III,, 0 <A < 1,
we show that this set is actually dense. The proof requires that a topology be
defined on the set of H-cocycles. This is done by extending in a natural way
the topology of convergence in measure on the set of all Borel measurable func-
tions on X. We first prove that the set of H-superrecurrent H-cocycles and the
set of H-cocycles with infinity in their essential range are G, sets. The dense-
ness proof is a modified version of the methods employed by Parthasarathy and
Schmidt [10] and Choksi, Hawkins, and Prasad [2] in proving that the set of co-
cycles with essential range R (the one-point compactification of R) is a dense
G;. The proof uses an abelian countable group action I' on {0, I}N (see §6
for a definition) which is orbit equivalent to the odometer transformation of
type III;, [14]. For this, we investigate H-cohomology under orbit equivalence.
First we generalize the notion of an H-cocycle for a Z action to that for an
abelian countable group action. We then show that H-cocycles, H-coboundaries,
the notions of H-superrecurrence and infinity in the essential range are all pre-
served under orbit equivalence. However, finite values of the essential range are
preserved only when the orbit equivalence is measure preserving. This allows
us to concentrate on the set of H-cocycles for the I' action and then extend the
results back to the case of a nonsingular transformation of type III, using orbit
equivalence.

2. DEFINITIONS AND PRELIMINARIES

Let (X, %, u) be a Lebesgue probability space. Let 7: X — X be a
nonsingular automorphism of X ; that is, 7 is a measurable bijection of X
such that for 4 € . %, u(TA) = 0 if and only if u(A4) = 0. We also assume that
the transformation T is conservative: for all B € % with u(B) > 0, there
exists n # 0 such that u(BN T "B) > 0, and aperiodic:

u (U{x: T"x=x}> =0.

n>0

Let w,(x) = ﬂ;—"!—}i(x) denote the Radon-Nikodym derivative of uoT" with re-

spect to 4. Note that the function w: ZxX — R givenby w(n, x) = w,(x) =
i‘;‘;—rn(x) is a multiplicative cocycle, that is, w(n+m, x) = w(n, x)w(m, T"x),

and that loge: X x Z — R given by loga(n, x) = log, (x) = log %7~ (x)

is an additive cocycle.
Let f: X — R be any measurable function.
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Definition (2.1). The H-cocycle of f is defined to be the function f : Z x X —
R given by _
S A(T'Xw,(x),  ifn>0,
fu(n,x)=1 0, ifn=0,
~w,(x)f.(-n, T"x), ifn<0,
where f, satisfies the H-cocycle identity

fin+m,x)=f.(n,x)+w,(x)f.(m, T"x),
forall n, me Z, and for almost all x € X .

Definition (2.2). The H-cocycle f, is said to be H-superrecurrent if for every
& >0 and for every B C X with u(B) > 0, there exists a nonzero integer »n
such that

w[BNT "Bn{x:|f,(n,x)|+|logw, (x)| <&}] >0.

An H-cocycle which is not H-superrecurrent is called H-supertransient. In
[4] it is shown that H-supertransience is equivalent to the following: For every
B c X with u(B) > 0 and for every real number M > 0,

plimsupBN T "Bn{x:|f,(n, x)|+|logw, (x)| < M}| =0.

h— 00

Definition (2.3). A measurable function f on X is said to be an H-cobound-
ary if f(x) = g(x) — w,(x)g(Tx) for some measurable function g on X.
Note that if / is an H-coboundary then f,(n, x) = g(x)— o, (x)g(T"x). Two
functions f, g on X are said to be H-cohomologous if their difference is an
H-coboundary. In this case we also say that the H-cocycles f, and g, are H-
cohomologous. H-coboundaries are always H-superrecurrent and H-cohomolo-
gous H-cocycles are either both H-superrecurrent or both H-supertransient (see

(4)).

Definition (2.4). Let /: X — R and let R = RU {oo} be the one point com-
pactification of R. For r € R let N,(r) = {s € R : |r—s| < &} and let
N (o) ={se€R:|s| > 1/e}.

Define the essential range E(f,) of an H-cocycle f, to be the set of all r € R
such that, for every neighborhood N,(r) of r, for every neighborhood U, (1)
of 1 and for every B C X with u(B) >0,

ulUBNT"Bnix: fi(n,x) € N(n}nix:w,(x)e U} >0.
nez

Set E(f,)=E(f,)NR.

Note that since f,(0, x) = 0 and wy(x) = 1 it follows that 0 € E(f,)
and hence E(f,) # @. One can show that the essential range E(f,) has the
following properties (see [5]):

(1) E(f,) is a closed subgroup of R.
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(2) E(f,)=E(g,) whenever f, is H-cohomologous to g,.

(3) E(f,) = {0} whenever f, is an H-coboundary.

(4) E(f,) = {0, oo} whenever f, is H-supertransient. The converse, how-
ever, is not true.

3. ORBIT EQUIVALENCE AND H-COCYCLES FOR GROUP ACTIONS

Let G be a countable group with identity e. Let (X, %, u) be a measure
space. An action of G on (X, %, u) is a homomorphism from G into the
group of nonsingular automorphisms of X. If x € X let G(x) = {gx: g € G}.
We call Gx the orbit of x under G . The action of G is said to be essentially
free if u(U, ,{x:gx=x})=0.

We define the group Z(X, G, u) of H-cocycleson (X, %, u) (under point-
wise addition) to be the set of all Borel maps a: G x X — R satisfying
a(e, x) =0 and a(g,g,, x) =a(g,, x)+%&(x)a(g2, g,x) forall g, g,€G
and x € X, where d—f%g(x) denotes the Radon-Nikodym derivative of the
measure uo g defined by po g(A4) = u(gA) with g4 = {gx : x € A}. The
H-cocycle a is said to be an H-coboundary if there exists a Borel measurable
function ¢: X — R such that a(g, x) = c(x) — d—%‘g—'(x)c(gx) forevery g€ G
and almost every x € X. The function c¢ is called the transfer function of a.

Definition (3.1). Let G,, i =1, 2, be countable groups acting nonsingularly on
(X, #, u;), i =1, 2, respectively. The actions G,, G, are said to be orbit
equivalent if there exists a measure-space isomorphism ¢: X, — X, such that
(1) Uy Od)_l ~ Uy,
(2) G,¢(x) = ¢G,(x) a.e. x € X, both hold.

Theorem (3.1). Let G,, i=1, 2, be countable groups acting nonsingularly and
which are essentially free on (X;, %;, u;), i =1, 2, respectively. Suppose the
actions are orbit equivalent. Then, there is a group isomorphism

(D: Z(Xl ’ Gl ’ lul) - Z<X23 Gza [12)
which sends H-coboundaries to H-coboundaries.

This theorem is a special case of a result that appeared in [9] where they
discuss the cohomology for a module over an equivalence relation. In this
general situation, if the relations are induced by freely acting countable groups
G,, G, that are orbit equivalent, then given an abelian Polish group 4, the
set U(X, A) of Borel maps from X to A4 can be given the structure of a
G, and G, module. They prove that there is a natural isomorphism between
the cohomology groups H"(G,, U(X, A)) and H"(G,, U(X, A)). In case the
G, module structure is given by g - F(x) = ‘—’5:—5(X)F(gx) and n = 1, the
above reduces to Theorem (3.1). The proof in our situation will be given for
completeness.
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Proof. By hypothesis, X; and X, are orbit equivalent. Let ¢: X, — X, be
the measure space isomorphism satisfying

(1) g06™ ~u,,

(2) G,¢(x) = ¢G,(x) ae. x€ X, . Let v =pu, 0¢~ . Define

q): Z(Xla Gl,ﬂ])_’Z(Xz, GZ’ ,uz)

as follows. Let a € Z(X,, G, u,). For any g, € G, and x, € X, there
exists x; € X; such that ¢x, = x, and by (2) there exists g, € G, such
that g,¢x, = g,x, = ¢g,x,. Set ®a(g,, x,) = t;%(xz)a(gl , X;). Then, ®a
is an H-cocycle on (X,, %,, u,). To see this, let )-cz € X, and g,, g; € G,.
There exists x; € X| such that ¢x, = x, and there exists g, , g; € G, such
that g,¢x, = g, = ¢g,x, and géx, = &)X, = #g x,. Also ¢ is measure
preserving with respect to the measures v and u, so that d;:“”(xl) =1 for
almost every x, € X,. Now we know that g,¢x, = g,x, = ¢g,x, so that

dvo(dog,) _dvog du o g, _du g
—Tﬂl_-(xl) - T#T(glxl) dﬂl (Xl) - d#l (Xl)-
On the other hand,
dvo(pog), . dvo(god)
T(Xl)— T(xx)
_dvo¢ dvog, dvog,

d,ul (XI)‘ v (¢x1):T(¢X1)~

.. . du,o dvog,
This implies that —’;;Tgk(xl) = L2 (px)).
Furthermore, since v is equivalent to u, we have
dvog, dv dv du,og,

T(xz) : d—'uz(xz) = a_/‘l‘;(gzxz) : d,llz (xz)-

Thus,

!/ d !/
(28, %) = (%) al8,8), X))
2

d cg I
= Ba(g,. x,) + g (1) Pa(gy. %)
2

That is, ®a € Z(X,, G,, u,).

Now let a be an H-coboundary in Z(X,, G,, u,). Then there exists a mea-
surable mapping c¢: X — R such that for almost every x, € X, and for every
g, € G, we have

d
a(g). x,) = e(x)) = “EEEEL(x) e, 3.
1
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Let g, € G, and x, € X,. There exists g, € G, and x, € X, such that
¢x, = x, and g,¢x, = g,x, = ¢g,x,. Then,

d d d
Da(g, . x,) = gﬂiz<xz>a<gl  x,) = d—!’jz(xz) o(x,) - l‘c;—;]—gi'wxl)c(g,x,)

dv du,o g,
= iteeos” ) = Tk

That is, ®a is an H-coboundary with respect to u, with transfer function
focod™ O

(x,)- j—L(gzx»c o™ (g,%,).

Proposition (3.1). ®a is H-superrecurrent with respect to u, if and only if a is
H-superrecurrent with respect to u,.

Proof. Assume that ®a is H-superrecurrent. Let ¢ > 0 be given and B C X
with u,(B) > 0. Choose M > 0 sufficiently large so that the set C = {x, €

1/M < dd’fj(d)x ) < M} has positive measure. For k € Z, let C, = {x, €

C: k8/2 < log 72(¢x,) < (k+1)¢/2}. Then C =J, ., C,. Hence there exists
k € Z such that ,ul(C_) > 0. Assume with no loss of generality that k > 0 (the
proof of the other cases is similar). Then, v(¢C,) = u (C,) > 0. But v ~ u,
so that u,(C,) > 0. By H-superrecurrence of ®a there exists g, € G, such
that the set

¢C,Ng ¢C, N{x, € X, :|Pa(g,, x,)| < &/M}

108
612#2 2(x,) <e/2}

d
n {x2 € X, :|log

has positive u,-measure. Fix g, € G,. For every g, € G, let C,‘f' = {x, €

Cy 1 68, %, = g¢x,}. Then, C;, =U, o5 €' and ¢C; = U, o ¢C;'. Now,

$C,Ng; ¢C, = | (dx, € 9CH : grox, €0C = | o[Cf ng 'l
8,€0, £,€G,
Thus,

du,
6C N & ' 9C N {x, : 1Dalg,, X)) < M}{ : |log

dm
clJ s [Cf' ng 'C,nix €X, :lalg,x,) <e}

8,€G,
ﬂ{x €X,: logdﬂdl & (xl)’ <8H.

So that there exists g, € G, such that

Ky {qﬁ[C,f'ﬂgl_'Ckm{xl € X, tla(g, x|l <e}

du, o g,
du

N {x,e/\’l :'log (x,)
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This implies that
~1
1, [Cf‘ ng, C.N{x €X, :lag, x| <eée}

du, o g,

N {xl €X, : log*d—;T(xl)

<ef| >0,

But C,f‘ c C, cCcCB,hence
~1
u, [Bﬁg1 Bn{x, € X, :]a(g,x)| <é&}

du, o g,

O{XIEXII log_—d;l—l_(xl) >0.

<

The converse is proved the same way using @ ! instead of ®. O
Proposition (3.2). oo € E(®a) if and only if o € E(a).

The proof of the above proposition is similar to that of Proposition (3.1).

We have the following generalization of Proposition (3.2). The assumption
that ¢ is measure preserving seems to be necessary to include finite values in
the essential range.

That is, a is H-superrecurrent with respect to x,.

Proposition (3.3). If ¢ is measure preserving then E(®a) = E(a) for every
aceZ(X,,G,,u).

4. THE FULL GROUP

Let [T] denote the full group of 7'; that is, [7T] is the set of all invertible
bimeasurable nonsingular transformations ¥ of X such that there exists a
measurable function n: X — Z with Vx = T"%x, for almost every x € X.
If f: X — R is measurable and V € [T] we define f (V, x) = f,(n(x), x).
We also define w, (x) = wn(x)(x) = d—“}%m(x). For 4 € R, denote by N,(4)
the ball with center A and radius ¢, and let N,(oo) = {r € R: |r| > 1/e}.
The following proposition, a standard exhaustion argument, generalizes Lemma
(4.1) of [10].

Proposition (4.1). If A € E(f.), then for any set B C X with u(B) >0 and for
any ¢ > 0 there exists V € [T) with u(VBAB) = 0 such that if A € E(f,),
then f (V, x)€ N, (A)UN,(-4) and |w,(x)—1|<¢ ae on B andif /=00,
then f(V, x) € N,(o0) and |w,(x)— 1| <& a.e. on B.

Proof. We present the proof of the case A = oo, which will be needed in §§5
and 6. The proof for A € E(f,) is similar. The proof is done in two steps:

Step 1. Assume with no loss of generality that ¢ < 1. Let ¢, = § and let B be
any subset of X of positive measure. Since oo € E(f,), there exists an integer
n, such that

w[BNT "Bn{x:f(n, 6 x)€ N, (@)} n{x:|aw, (x)—1| <e}] >0
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By Rokhlin’s Lemma there exists a Borel set B; C B with u(B,) > 0 such that
B UT"B, CB, BNT"B, =@, f.(n,6 x)€ N, (c0), and |, (x)= 1] <é&,.
That is,

B, CBOT_"‘Bﬁ{x:f*(nl,x)eN (00)}N{x:lw, (x)—1|<8}.

If u(B\(B,UT"B,)) >0, proceeding as above we can find a set B, C (B\( B U
T"B D) andan 1nteger n, such that u(B,) >0, B, nr" B, =92, f.(ny,x)€
NE( o), and |w, (x) - 1] <¢, ae. onB

Contlnumg in thls manner we can ﬁnd a sequence of integers n, and a
sequence of measurable sets B;, such that for each i, wu(B;) > O B, C
B\ Uj<i(Bj u T”'Bj), B;n T"'B,. =B, N T"/Bj. =T"B.N T”/Bj = BN Bj =
& for i;éj Also, forall i > 1, anda.e. x € B, we have f (n,, x) € Nﬁl(oo)

and |w, (x)- 1] <¢,. Welet B=" (B, UT" 'B;), and we define V € [T]
as follows " . .
T'x, if x € B, for some i > 1,
Vx=4q T "x, ifxeT"B, forsomei>1,
X, otherwise.

Thus for almost every x € B either x € B, or x € T" B, for some i € N. If
x € B, for some i then

L.V, x) :f*(nl.,x)ENel(oo)CNe(oo),

and
|, (x) = 1] = |w, (x) - 1] <¢ <e&.

If xeT"B, then T "x € B, and
LV, x)=f(-n,x)=-w_, (x)f(n,, T "x).
Also,

- 1
|f(n,, T x)|>gl and e _n, -

It follows that

1
£V, x)] > Z and |w,(x)-1]= |w_nl(x) -1 < =
a.e. on B.
This shows that given any subset B of X with u(B) > 0, there exists a
subset B (or C ) of B of positive measure with the desired property.

Step 2. Let &/ be the collection of all pairs (B, V') as defined in Step 1.

We define a partial order < on &/ as follows: (4, U) < (A', U’) if and
only if 4 c A" and U is the restriction of U’ onto A. Let Z = {,,U,)}
be a chainin .&/. Let D =J, 4, and define U on D by: Ux = U, x where
x € A,. Then (D, U) is an upper bound of &, so that by Zorn’s Lemma &/
has a maximal element, say (Y, S). We claim that Y = B. Forif u(B\Y)>0
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then Z = B\Y is a set of positive measure, so that by Step 1 there exist a subset
Z, of Z with positive measure and a transformation S" €[T] as described in

Step 1 such that (Z, S’y e.o/. But then V' €[T] defined by
Sx, ifxey,
Vix={ 8§'x, ifxe Z,,
X, otherwise,

is such that (YUZ,, V') € &, which contradicts the maximality of (Y, S). O

Proposition (4.2). If f, is H-superrecurrent, then for every ¢ > 0 and for any
subset B of X of positive measure there exists V € [T] with u(BAVB) =0 =
w(B\{x:Vx#x}), f,(V,x)eN,(0), and |w,(x)-1| <& ae on B.

Proof. The proof is similar to that of Proposition (4.1). 0O

Remark. Proposition (4.1) implies that if A € E(f,) then for every B C X of
positive measure we have for A€ E(f,)

sup u[BNV 'BN{x: f.(V,x)€N,(A)UN,(-4)}
Vel[r]

N{x oy (x) — 1] <e}] = u(B),
and for 4 = oo we have
sup u[BnN v'Bn {x:f,(V,x)€N,(0)} N{x:|w,(x)—1| <e}] = u(B).
ve[T)
Proposition (4.2) implies that if f, is H-superrecurrent then for every B C X
with positive measure
sup u[BNV ™ 'BN{x:f.(V,x)eN,(0)}
Ve[
N{x:Vx#x}n{x:|w,(x)- 1] <e}] =uB).

Consider the measure algebra ./, associated with the measure space
(X, %, un). We can give ./ the Rokhlin topology that is described by the
following metric: d(A4, B) = u(AAB). The following proposition is a modified
version of Lemma (2.1) of [2].

Proposition (4.3). A€ E(f,) if and only if there exists 0 < K < 1 such that for

every ¢ > 0 and for every set A in a countable dense collection of sets of the
measure algebra &7, we have
sup u[ANV AN {x: f,(V,x) € N,(A)UN,(-4)}
Ve[T) :
N{x : |, (x) = 1| <e}] > Ku(A4)
incase A€ E(f,), and
|

sup ulAnv-

sup. An{x: f,(V,x) €N (c0)} N{x:|w,(x)— 1] <e}] > Ku(A)

in case A= co.
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Proof. The sufficiency of the condition follows immediately from Proposition
(4.1). We now show the necessity of the condition. The proof is done only for
the case 4 = oo (the other case is proved similarly). Let 0 < ¢ < 1/2 and
let B c X with u(B) > 0. Choose 4 from the dense sequence of sets from
the measure algebra . , such that u(4AB) < 5(%3—) W(B). By hypothesis, there
exists V € [T] such that

ulAnv- "AN{x: £V, x) €N, (00)} N{x:|w,(x)— 1] < e}] > Ku(A).
Let
_=A0V_1Aﬂ{x:f*(V,x)eNg(oo)}ﬁ{x:|wV(x)— 1| < e}

Then u(A) > Ku(A). Let B = AnB. Since u(B) < u(An B) + u(AAB) <
u(ANB)+ 5 K+3),U(B), it follows that u(A N B) > [1 - 1<+3 s JU(B). Thus
w(A) > Ku(AnB) > KK 08y Then u(B) = w(ANB) > u(A) — u(AAB) >

Ky U
(f(,:fg u(B). We claim that u(AN BNV~ 'B) > 0. For this we first show that

u(VBNB) > 0. To this end, observe that

(VB)>(1—£;1(B (1/2)(K* + 5K)/2(K + 3)u(B)
> (K* + 5K)/4(K + 3)u(B).

Since,
(K> +5K)/A(K +3) - K/2(K+3)=K/4>0,

W(AAB) < K/2(K +3)u(B), and VBCVACA,

it follows that u(VBNB) >0, but u(VANVBNB)=u(VBNB) > 0. Since
V' is nonsingular we have u(ANBNV~'B)> 0. That is,

u((AnB)NV" "ANB)N{x: f.(V,x)€ N, (c0)} N{x:|w,(x)—1] <e}] >0.
Thus co € E(f,). O

Proposition (4.4). If there exists 0 < K < 1 such that for every ¢ > 0 and for
every set A in a dense sequence of elements of the measure algebra &/ , we have

sup u[AmV "AN{x : f.(V,x)eN(0)}
ve

N{x:lw,(x)-1]<eln{xe X :Vx#x}] >Ku(A)
then f. is H-superrecurrent.
Proof. The proof of this proposition is similar to that of Proposition (4.3). O

5. THE TOPOLOGY ON THE SET OF H-COCYCLES

Let #(X, R, u) be the set of all Borel maps f: X — R. Define an equiv-
alence relation ~ on Z(X, R, u) as follows: f ~ g if and only if f(x) =
g(x) forae. x € X.
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Let Z(X, R, 1) be the set of equivalence classes of ~ . We consider the
topology on ?(X R, u) that is induced by the following metric: d(f, g) =
Iy 1 —|7———Ta' 1(x). As is well known, convergence with respect to d is con-
vergence in measure.

Let Z(X, R, u) be the set of H-cocycles. We extend the equivalence relation
~ to Z(X, R, u) as follows: f, ~ g, ifandonlyif f,(/,x)=g,(/, x) ae.
x € X and forall / € Z. Let Z(X, R, u) be the set of equivalence classes
of H-cocycles. We make Z (X, R, i) into a topological space by defining the
following notion of convergence: f.” converges to f, if and only if f"(/, ")
converges in measure to f.(/,-) forall / € Z.

Fix 0< K <1. Let {C, Y, be a dense sequence in the measure algebra.

Lemma (5.1). The statement ff")(l, -) converges to f.(l,-) in measure for all

| € Z is equivalent to the statement f*(")(V, -) converges in measure to f (V' , -)
forall V e[T].

Proof. Assume that f*(")(l, ) — f.(l,-) forall / € Z. Let ¢ > 0 and let

V € [T]. There exists a function n: X — Z such that Vx = T""x for
ae. x € X. Choose M > 0 sufficiently large so that the set ¥ = {x € X :
|n(x)| < M} has measure greater than 1—e¢. Foreach |/| <M, let N, >0 be

such that u[{x € X : A1, x) - fil,x)] >e}] < /2" forall [ > N,. Let
N:max|,|<M N,. Then for n > N we have
xeX: /"W, x)= £V, x)| >¢)
cixeY: /W, x)= f(V,x)|>eUX\Y
={xeY: |f"nx), x) - f.(n(x), x)| >eUX\Y

c Uxex 1/, x)~ £, x)| >e}uX\Y.

{|<M
Thus,

u[{xeX:|ff")(V,x)—f*(V, x)| > e}] < Z /21 1 e/2 <.

1| <M

Thus f*(")(V, -) converges to f (V',:) in measure. The converse is clear since
Te[T]. O

Lemma (5.2). If for all V € [T], fl'”(V, ) — f,(V, ) in measure then for
any V €[T] and any p € N we have:

Jim ,u[{x v, x) € Ny, (00)}A{x : f,(V, x) €N, (00)}] =0
and

lim u[{x: "V, x) €N, (0}A{x: £,(V, x) € N, ,(0)}] = 0.
Proof. Let &€ > 0 be given. There exists an N > 0 such that

ulx )W x) = LV x> 8] < 4
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For n> N, let S, = {x: |f*(”)(V, x) = f.(V,x)|>%}; then u(S,) <5. Let
xe{x:f(V.x)€N, (00} N(X\S,): then |V, x)| > |f.(V,x)|-
LV, x) =V, x) >p+§>p Thus {x: f,(V,x) € N 00)} N
(X\S,) c{x: M, x)e N, ;,(c0)} and hence

l/(p+s)(

{x: f,(V s X) €Ny (00 o)\ {x:f (V x)eNl/p( ycs,.
Thus
pl{x £V x) €N (0 \ {x : £V x) €N, (00)}] < §
for all n > N. This implies that
lim u[{x: f,(V, x) €N, ()} \ {x: LV, x) €N, ,(c0)}] = 0.
Similarly,
Jim u[{x: £V, 0 € Ny (0o \ {x LV, x) €N, (00)}] = 0.
Therefore,
hm y[{x My, x)e Ny, (0)}A{x  f(V, x) €N, (o0 00)}] = 0.
The proof of the second statement is similar. O
Lemma (5.3). Forany V €[T) and k,p,q € N the mappings
f.—n[C.n V_/C,\, N{x: LV, x) €N, (o)} N{x:w,(x) € Nl/q(l)}]
and
fi—ulCnVTIC nix V. x)eN,, (O} {x: Vx #x)
N{x:w,(x)e Nl/q(l)}]

are continuous.

Proof. We shall only prove that the first function is continuous since the proof
for the second function is similar. For any f, € Z(X, R, u) let

Cp =GV 'Cn{x: £V, X) €N, ()} N {x: o, (x) €N, ()}
Observe that for f,, g, € Z(X, R, u) we have
CLAC, C{x:f(V.X)€N, ,(c0)}A{x:g(V, x) €N, ()}
Thus,
(Cy) = u(Cy )| < u(Cy AC, )
g,u[{x:f*(V,x)eNl/p o) }A{x: gV, x) €N, (00 00)}] .

The result follows from Lemma (5.2). 0O
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Lemma (5.4). For any fixed k,p,q € N the mappings ¢, A Z(X,R,
— R given by

9L = sup u(CnV 'Cn{x LV, X) €N, (00N {x @, (x) € N,y (1)}]
and

Mf) = ng[;;]u[Ck nv- Ck n{x: f,(V,x)€N,,0)}
N{x:Vx#xin{x:ow,(x)e N]/q(l)}]
respectively are lower semicontinuous.

Proof. Choose a sequence V, € [T] such that
w[C, NV, C N{x: (V. x) €N, (o)} N{x:wy, (x) € Nl/q(l)}]
converges to
ng[[;]u[C ny- C N{x:f,(V,x) €N, (o)} N{x:w,(x)e N, (D},

For each n, let
6, =w[Cn Y, Condx: £V, x) €N, ()} N {x : @y (x) € Ny (1)}].
Then sup, ¢,(f,) = lim,__ ¢,(f.) = ¢(f,). But by Lemma (5.3) ¢, is a

continuous function so that ¢ is lower semicontinuous. The proof that A is
lower semicontinuous is similar. 0O

For each k,p,qe N let N (k,p,q) be the set of all H-cocycles f, such
that

lsg[[;]u[C nyv- C N{x: f(V x)eNl/p(oo)}ﬂ{x:wV(x)eNl/q(l)}],

and let M (k,p,q) be the set of all H-cocycles f, such that

sup u[C, NV~ CAﬂ{x L(V,x)eN,, (0)}n{x:Vx+#x}

Vel l/p

N{x:w,(x)e Nl/q(l)}].

Theorem (5.1). For every k,p,q e N thesets N.(k,p,q) and M (k,p, q)
are open.

Proof. Let ¢ and 4 be the mappings defined in Lemma (5.4). Observe that
A

Since ¢ and 4 are lower semicontinuous it follows that N,.(k, p,¢q) and
M (k,p,q) are open. O

Proposition (5.1).

(f.:0€eEL)y = Nrlk,p,q)
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Proof. Follows from Propositions (4.3) and (4.4). O

Theorem (5.2). The set of H-superrecurrent H-cocycles which are not H-cobound-
aries contains a Gy set.

Proof. Since H-coboundaries have essential range the set {0}, an H-cocycle
f. with oo € E(f,) is not an H-coboundary. Thus the set

{f. : f. is H-superrecurrent and co € E(f,)}

[ o JNe ol o]

=N NNk, p,a)nMy(k.p, q)
k=1

p=1g=1
isa G;. O

Remarks. (a) It is possible a priori that this G, set might be empty.
(b) With respect to this topology the group isomorphism of Theorem (3.1) is
in fact a topological group isomorphism.

6. PROPERTIES OF GENERIC H-COCYCLES

In §3 we showed that H-cocycles, H-coboundaries, the notions of H-super-
recurrence and oo € E(f,) are preserved under orbit equivalence. But by
Krieger’s Theorem (see [14]) every nonsingular transformation is orbit equiv-
alent to an odometer transformation (defined below). We want to show that
the set of H-superrecurrent H-cocycles, for a transformation 7' of type III ,,
0 < 4 < 1, which are not H-coboundaries form a dense G; with respect to
the topology induced from the topology of convergence in measure as described
in §5. To do this we only need to consider H-cocycles for a countable abelian
group I' acting on the underlying space of the dyadic odometer S of type
I, , where 0 < A < 1, which is orbit equivalent to S. We show that the set of
H-superrecurrent H-cocycles with oo in their essential range for the I" action
form a dense G;. Then using Krieger’s Theorem we extend the result to the set
of H-cocycles for any nonsingular transformation of type III,, 0 <4< 1.

Let X = {0, l}N and & be the o-algebra generated by the cylinder sets.
Fix 0 < 4 < 1 and consider the measure u = Hf:l u; such that for i > 1,
p,(0)=1/(1+4) and u,(1)=A/(1+4).

Let T: X — X be the left shift. Thatis T(x,, x,,...) =(x,, X3, ...). Let
S : X — X be the odometer transformation. That is, the transformation S is
defined as follows: Let x = (x,, x,,...) € X where x; € {0, 1} forall /> 1.
Let m(x) be the least positive integer such that Xy = 0. Thatis, x, =1 for
i <m(x). Set Sx =S8(x,, x5,...)=(y,,V,y,...) Where

0, ifi<m(x),
yi=1« 1, ifi=m(x),

X, if 1> m(x).
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For k > 1, define yk:X—+X by
k Xy if i # k,
(v -x),' = { ' P
x;+ 1 (mod2), ifi=k.
We identify yk with the element (7,, 7,,...) of X where
. 0, ifi#k,
’f‘{ I, ifi=k.
We write yk = (7,579, -..); then ykx = yk + x where + denotes coordinate-
wise addition mod 2. Let I" denote the group generated by the yk ’s. That is
for yeI', y, =0 forall i except finitely many. I" acts on X by coordinate-
wise addition. In other words, we have the action I'x X — X givenby (y, x) —
7+ x. Let ', denote the subgroup of I" whose elements consist of all y € '
such that y, =0 for all m > n. Let 0=(0,0,...) denote the zero element
of I. Let I'; = {0}. Then I = Y2, T,. The action T is orbit equivalent to
the odometer described above.

For y € I' there exists a least positive integer n such that y, = 0 for all
m > n. Then

o (x) = Lz 47+ X))
’ H,’:l ui(x;)
An H-cocycle with respect to I" is a Borel mapping a : I" x X — R satisfying:
a(0,x)=0 and a(y +d,x)=a(y, X) + w(x)a(d, y + x).

Lemma (6.1). Let o: X — X be any Borel map. Then a(y + X)w, (x) = a(X)
for all y € T, if and only if there exists a Borel map B : X — R such that

alx) = —+— (B o T")(x).
. ( )

" Hx)
Proof. Suppose «(y + x)w, (x) = «(x) forall y €T, . Then
n n
aly + ) [T a7 +x),) = alo) [T w(x)
i=1 =1
forall yeT,.

Let B'(x) = a(x) H:':n i, (x;). We shall show that B'(x) is independent of
the first n-coordinates of x. To this end, let x,y € X be such that 7"x =
T"y; that is, x; =y, forall i > n. Then there exists a y € I', such that
y =7+ x. Then

B'v) =) []u,) =aly+x) [Ju(r+x),)
i=1 =1

n
= a(x) [T ux) = B'(x).
i=1
Thus there exists a Borel map #: X — R such that g'(x) = foT"(x). Thatis

1 n
T ey 2o 7))

a(x) =
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Conversely, if a(x) = H+(ﬂoT”)(x) for some Borel function g, then
K (x)
for yeI', we have a),/(x) = D—ﬁ—hﬁ’—(ﬂ so that a(y + x)a)y(x) =a(x). O
(X))

Notation. For every n > 0 define the Borel map p, : X — R as follows:

—L . ifa>1,
p,(x) =24 I w0
1, if n=0.

Then for y€T,, o (x)=p,(x)/p,(7 +x).

Proposition (6.1). Let a : ' x X — R be an H-cocycle. Then there exists a
sequence of Borel maps {, : n > 0} such that

a(y,x) =Y (0 +X) (B o T) (7 + X)@,(x) = p () (B o T)(x).
k=0
Conversely, if {B, :n >0} is any sequence of Borel maps, then
a(y, x) =3 p(r+x) (B o T) (7 + )@, (x) = p(x)(By o T) (x).
k=0

defines an H-cocycle.
Proof. Let a be any H-cocycle. For n > 1 and x € X, set xM = (
xn,0,0,...)andx(n>=(0,0,...,0,x X ...). Then, x = x
where x" € I',. Thus for y €T, we have y" =y and Vimy = 0.

For n > 1 we define the map «, : X — R as follows:

Hr"_lﬂ‘(o) (n)
s X)) =~ =a(x, x
( ))szpu,'(x,')

Then for any y € I', we have

Xis Xysonns

™4 x

n+1° "n+2°

(n)

a,. (7 + X)wy(x) —a,  (x)=a(y, x)=a,(y +x)wy(x) —a,(X)

n+1

or

[ (7 + %) =, (7 + X)]o,(X) = a,,,(X) = a,(x).

For n>1, set B/ (x)=aq,,, (x)—a,(x). Then forall n > 1 we have

n+l(
B (7 + X)w,(x) = B, (x),

so that by Lemma (6.1) there exists a sequence of Borel maps {f,} such that

/

Brx) = p,(x)(B, 0 T")(x).
Let B,(x) = a,(x). Then
a(y, x) =3 p (7 + ) (B o T) (7 + x),(x) = p, (X) (B, o T) (x).

k=0
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Conversely, let {8,} be a sequence of Borel maps on X. Define a on I'x X
by

a(y. x) Zpk (7 + ) (B 0 T) (7 + X) 0, (X) = p(x) (B 0 T") ().
=0
Then by Lemma (6.1) for each y €', , we have
n—1
a(y. x) =Y p (7 +X)(B 0 T) (7 + X),(x) = p(x) (B 0 TF) (x).
k=0

Let a,(x) = pk(x)(ﬁk o Tk)(x) and let 7., 7, € I. There exists n > | such
that y,, 7, €T, . Then

n—

ayy+7y, X) = ) ap (7 + 7+ X)), (%) = a(x)

R
Il
—_ O

(]

a(y, + 7, + x)a),/z(yl + x)a'),/I (x) — oy (x)

(=}

1 3) + @, (X)alsy, 7, + X).

I
Q x>

That is, a 1s an H-cocycle. O

Corollary (6.1). The set of H-coboundaries is dense in the set of H-cocyles under
the action of the group T.

Proof. Let a be an H-cocyle. By Proposition (6.1) there exists a sequence {f, }
of Borel maps such that

)= 07+ x) (B o T) (7 + X)w,(x) = py(X)(By 0 T) (x)
k=0

for every y € I. For each n > 0 let a,(x) = Y, _op(x)(B, © Tk)(x). Then
a(y,x) =lm,_ o, (y+x)o,(x) - a,(lx). This implies that the set of H-
coboundaries is dense. O

Proposition (6.2). Let F(X, R, u) be the set of all equivalences classes of
Borel maps from X to R that depend on finitely many coordinates only. Let
7’(X , R, u) = 7' be the set of equivalence classes of H-cocycles a such that:
a(y, X) = S0 pe (74 X) (B o T) (2 +X) @, (x) = p, (X) (B 0 T*) (x) where B, €
F(X,R,u) forall n>0. Then Z is dense in Z and every H-cocycle in Z
is H-cohomologous to an H-cocycle in Z .

Proof. Let a € Z . By Proposition (6.1) there exists a sequence of Borel maps
{B,: n > 0} such that a(y, x) = S2°,p. (v + x)(B, o Tk)(y + x)w, (x) =
Pr(X)(B, o Tk)(x). Now, for each k > 1, p,(x) = HT'—T—) depends only

j=1 0N

on the first k coordinates of x € X for kK > 1. Let N, = min , p,(x)
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and M, = max p.(x). Since p,(x) =1 forall x € X welet N, =
k xex Pk 0 0

M, = 1. Then, forall kK > 0, p,(x)>1, and Nno/MnO < 1. For every

{y“) e y”)} C T there exists ny € N such that e l"”O forall 1 <i</.

. no 0y
I, 6" 40
Thus, @, (x) = ™ 05

x € X we have Nno/Mn0 < wym(x) < M"O/Nno' Since F(X, R, i) is dense in

the set of Borel maps, then for every & > 0 and for every {y(” y e y(/)} crl
there exists a sequence of Borel maps {,b’,:, :k >0} in F(X, R, u) such that

, which implies that forevery 1 < i </ anda.e.

k _p! k eN 2‘/"‘2
dp 0Tt g ot o [ BT X = BoT )| "
BoT> feo ) /x1+|ﬁkoT"<x>—ﬂ;oT“<x>l MO < T,
Then,
k 1 k
d ) oTk, ) ’oTk _ PN B o T (x)— B o T (x)] d
P P P Byo ) /X1+pk(X)l/>’koT"(X)—/?LOT"(X)I H

v [ BT () = i o T (x)
< My k Tk
X1+I:BkOT (X)-—ﬁkOT (x)]
M, -eN, 2777
MM,

Also, for each K >0 and all 1 <i </ we have

dp(x)

—k=2

< <eg-2

_ - N, , ,
L+ 9, ()00 (x) B o T () = B0 T (x)] 2 371+ |8, 0 T(x) = B o T (x))):

n

0

Thus,
d(pe-w - BoT 07" p-wu-froT o)

0 ,oTk L) _ /,oTk e
:/ Pr(X) -0 ()| B o T (77 +x) = Bo T (77 + X)) duu(x)
x1+p(

P x) w0+ x)IB o THGY 4 x) = B o TG + x)|

<

My - M, / B o T (2" +x) = B o T + )]
N X148 0T +x) = B o TH(' + X))

gy

=Mk-Mn(,/ B0 TH(x) = By o T ()]
Ny Jx 141 0 THx) = Bl o T ()]
—k=2
Mk-M”O eN 2

ny

N MM,

ny

W, (x)dp(x)

du(x)

< =¢€2

Let c(x) = Z,fio Py (X) (B o Tk(x) - B,’\_ o Tk(x)). Then c¢ is a well-defined
element of B(X, R, u). Let
d (7. x) =3 p 0+ ) (B o TG+ x),(x) = p (X)(Bro T) (7 + x).
k=0
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Then, a(y+x)=a (y +x)+c(y+ X)w,(x) = c(x) and d’ € Z , so that the H-
cocycle a is H- cohomologous to an element in Z' (X, R, u). Alsofor 1 <i</
d(a( ,4),a ( , ) = (c(y +x)w w(x),clx))<e. O

Now, consider the sets N¢(k, p, q) and Mg(k, p, q) as defined at the end
of §5. Since [I'] = [S], in the definition of N¢(k, p, q) and My(k, p, q) the
supremum can be taken over all V' € [I'].

Theorem (6.1). For every k,p,q € N thesets Ny(k,p, q) and My(k,p, q)
are dense in Z(X , R, u).

Proof. Assume not. Then there exist open sets U, W in Z(X, R, u) such
that Ng(k,p,q)NU =@ and Mg(k, p,q)NW = &. By Proposition (6.2)
there exist

ay(7. %) =3 (7 +X) (B o T) (7 + 1)@, (x) = p(x) (B o T) (x)
k=0
and

bo(7, x) = pp (7 +X) (M 0 T (7 + x), (x) = p(x) (0 T) (x)
k=0

in Z'(X, R, u) with a,€ U and b, € W. Since U, W are open and a,, b,
are interior points of U, W respectively it follows that there exist ¢,, ¢, >0
and finite sets {y(”, s } and {C C(”} contained in I" such that
Y={aeZX,R,u:dar","), ao(y“,-)) <é,l<i<l}cU and
Y ={aeZ(X,R,u): d(a(C(i), ), bO(C('), ) <&, 1 <i<r}cW. Since
foreach 1<i</, 1<j<r, ym, C(j), have only finitely many non-zero
coordinates, and for each kK > 0, g, and 7, depend on only finitely many
coordinates, it follows that there exist M, > M| >2 and M, > M, > 2 such
that

M, ‘ ' _ ,
a7 x) =3 P+ X) (B o T) (0" + x)w,0(x) = p (X) (B 0 T) ().
k=0
for 1 <i<l,
}:p,, ") (1, 0 TV + X)w,0(x) = p,(x) (0, 0 T7)(x)

for 1 < j<r, andfor 1 <k < M, | SpSM;, ﬂ,\.OTk, CI,OTP
depend on the first M, , M; coordinates respectively. Using the recurrence of
the Radon-Nikodym derivative we can find 5", ¢ €I both different from
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the identity and subsets B,, B; C C, such that
(1) 6", 0!" =0fori<M +2andj< M +2,
2) B né"B =B/ na""B =2and B,us"B,, B Uc""B c C,,
(3) w,n(x)=1ae. onB us'"B, and @ 1n(x)=1ae. on B ue'VB.
J 1 1 [ 1 1

Since 5(]), o'V # 0 it follows that there exist m; >k > M +2 and m'l > k]’ >
Ml'+2 such that 6,((:) = a,i;) =1 and 6}11) = ar(lf) =0 forall n>m, or n <k,
and n' > m| or n' < k|. We apply a standard exhaustive argument similar
to that of Proposition (4.1) to find sequences sV, 6" er, B;, B' c G,
and {k}, {k} {m}, {m}eN suchthat m, >k, >m, l+2>k T2,

mzzk,/m,~1+2>k +2and5 ,\,—l JL[)—J(,—Ofor

all n > m,; orn<k and n' >m or n <k Also Bﬂé B =B,n
6B, =B,ns"B, = B,NB, —B ne'B;=B,nd"B, =B/ nB, =2, and
B Us" Bich\UmB U B, Bjud"B c C,\U,,B,uc”B’, and
' (i) p!
#(Ck\UingiU5 B))=u (Ck\UiZIBiUGl)Bi):Q)‘
Define R, R € [I'] as follows:
Rx:{x, if x¢ U5, B,Ud"B
0 +x, ifxeB ud"B
and . 1 (i) pt
Rix — X, 1fx¢UiZlB,.Uo B;,
o +x, ifXEB;UU(I)B;.
Then wy(x) = wi(x) =1 ae. on X, and u(C,ARC,) = u(C,AR'C,) = 0.
Define 8', n': X — R by

5(x) {p, if x, =1,
X)) =
0, otherwise,
and )
,() {1, if x, =1,
X) =
d 0, otherwise.
Let
< k. — k —
Zpk_l (7 +x)(B o T ) (7 + x),(x) = py_,(x)(B"o T 7")(x),
=0
' = k-2 k-2
b7, x) =3 p 0+ ) (0 e T 77)(r + x)@,(x) = py_,(x) (0 0 T ) (x),
k=0
Let

Ml
a(y, x) =3 p(r+x) (B o T) (7 + x)w,(x) = p(x)(By 0 T)(x) + b(7, x)
k=0
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and
X)= (7 +x) (0 0 T) (0 + x)0,(x) = py () (1m0 TH) (x) + 8 (7, x).

Observe that for 1 </ </ and 1 < j <r we have b(y(i), X) = b'(C(”, x)=0,
so that
a(y", x) = ay(y
and ,
4V x) = bO(CU), ).
Thus, a € Y and 4’ € Y'. Also for x € B there exist i, j > 1 such that
X € B, Ué(i)B. and x € B'. U a(j)B'. so that
a(R, x)=p, _,(x)[B o o T"

-1 1

6" +x) =B 0T '(x)] € Ny(k, p, q)

and

a(R', x) = p ()0 o T (0 4 x) =" o TV (x)1 € Ml b, @),

Thatis, a(R, x) € Ng(k, p, q)nU, and a'(R', x) € M¢(k, p, g)nW, which
1s a contradiction. O

Theorem (6.2). The set of H-superrecurrent H-cocycles for the I action that are
not H-coboundaries contains a dense G set.

Proof. By Proposition (5.1) we have

{f, : f. is H-superrecurrent } =

IID8

e o

and {f, 100 € E(f)} = Mo, Nyoi Noey NS(k,p, q). Also, by Theorem (6.1)
for each (k,p,q), Mg(k,p,q) and Ng(k,p,q) are dense. Therefore,
the set {/, : f, is H-superrecurrent and oo € E(f,)} is a nonempty dense G,
set. O

Theorem (6.3). Let R be an arbitrary nonsingular transformation of type 111,
where 0 < A < 1. Then the set of H-superrecurrent H-cocycles of R which are
not H-coboundaries contains a dense Gy set.

Proof. Let R be a nonsingular transformation of type III, where 0 < 4 < 1.
Then R is orbit equivalent to the odometer .S as described at the beginning of
this section. Let I" be the countable abelian group defined above which is orbit
equivalent to the odometer S. By orbit equivalence the set of H-superrecurrent
H-cocycles with oo in their essential range for the odometer transformation is
also a dense G set and hence the same is true for any nonsingular transforma-
tion of type III,. O

Question. Let R be a nonsingular transformation of type III,. Does a dense
G, set of H-cocycles under R satisfy E(f,) = {0, co}?
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